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Abstract
For any positive integers k>3 and , let cd(k; ) denote the smallest integer such that the
necessary conditions 2(v−1)  0 (mod k−1) and v(v−1)  0 (mod ( k2 )) for the existence of
a DB(v; k; ) are also sucient for every v>cd(k; ). In this article we provide an estimate for
cd(k; ) when k 6 0 (mod 4) and any . c© 2000 Published by Elsevier Science B.V. All rights
reserved.
Keywords: Pairwise balanced design; Balanced incomplete block design; Directed balanced
incomplete block design
1. Introduction
Let v; k and  be positive integers. A transitive ordered k-tuple (a1; a2; : : : ; ak) is
dened to be the set f(ai; aj): 16i< j6kg consisting of ( k2 ) ordered pairs. A directed
balanced incomplete block design (DBIBD) with parameters v; k and , denoted by
DB(v; k; ), is a pair (X;A) where X is a v-set and A is a collection of transitively
ordered k-tuples of X (called blocks) such that every ordered pair of X appears in
exactly  blocks of A. For the denition of BIBDs, PBDs, GDDs and TDs, the reader
is referred to [1,3]. Applications of DBIBDs and other directed designs to computer
science are discussed in [9]. Let DB(k; ) (or B(k; )) be the set of all v such that there
exists a DB(v; k; ) (or B(v; k; )), and write DB(k; 1) (or B(k; 1)) briey as DB(k) (or
B(k)). Recall that B(K) is the set of all v such that there is a (v; K; 1)-PBD. It is easy
to see that DB(k; ) is PBD-closed.
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If we ignore the order of the blocks, a DB(v; k; ) becomes a B(v; k; 2). It is well
known that the necessary conditions for the existence of a DB(v; k; ) are
2(v− 1)  0 (mod k − 1);
v(v− 1)  0

mod

k
2

:
(1)
It has been shown in [8,10,11,2] that when k=3; 4; 5 and 6 the necessary conditions
(1) are also sucient, with the exceptions of (v; k; ) = (15; 5; 1); (21; 6; 1). It is worth
noticing that the existence of a B(v; k; ) implies the existence of a DB(v; k; ). The
DBIBD is obtained by writing each block of the BIBD twice | once in some order
and the another in the reverse order.
Let cd(k; ) (or c(k; )) denote the smallest integer such that the necessary conditions
for the existence of DB(v; k; ) (or B(v; k; )) are also sucient for every v>cd(k; ) (or
c(k; )). In this article we try to give an estimate of the value cd(k; ) for k 6 0 (mod 4)
and any , and establish the following theorem:
Theorem. Let k>3 and  be positive integers and k 6 0 (mod 4). Then
cd(k; )6
(
expfexpfk6k2gg if k  1 (mod 4);
expfk3k6g if k  2; 3 (mod 4):
For k  2 (mod 4), it is not dicult to show that congruences (1) imply the con-
gruences (v − 1)  0 (mod k − 1) and v(v − 1)  0 (mod k(k − 1)). In the case,
v 2 B(k; )DB(k; ) for every v>c(k; ). Hence cd(k; )6 expfk3k6g for k  2
(mod 4) and any  (see [6]). To prove the newly mentioned theorem, we always
assume that k  1; 3 (mod 4) and k>7.
2. Preliminaries
In this section we list several useful lemmas without proof.
Lemma 2.1 (Chang [3]). Suppose that there exist a TD(l; n); a TD(l; n − 1) and a
TD(n+1; m). Let t be an integer such that 06t6m. Then there exists an fl; ng-GDD
having group type (ml− m)n−1(mn− m)1(tl− t)1.
Lemma 2.2 (Chang [4]). Let D(x) denote the smallest number such that TD(x; n)
exists if n>D(x). If x>3 is a positive integer; then D(x)< (x− 1)24(x−1) and hence
D(x)< e4(x−1).
Lemma 2.3 (Chang [3]). Suppose that q is a prime power; u is a positive integer
such that q>u + 2; and d = ( u2 ). Suppose that there exists a (u; K; q0)-PBD. Then
there is a (K; 0)-GDD with group type (qd)u.
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Corollary 2.4. Suppose that q>k is a prime power and q is power of q; u is
a positive integer such that q>u + 2; and d = ( u2 ). Suppose that there exists a
(u; fk; qg; q0)-PBD. Then there is a (fk; qg; 0)-GDD with group type (qd(q)n)u
where n is a non-negative integer.
Proof. By Lemma 2.3, there is a (fk; qg; 0)-GDD with group type (qd)u. Give each
point of the GDD weight (q)n, apply Wilson’s Fundamental Construction to get a
(fk; qg; 0)-GDD with group type (qd(q)n)u (note that there is a TD(k; (q)n)).
Lemma 2.5 (Chang [3]). If there exists a B(u; K; ) containing a subdesign B(!;K; )
(!=0; 1 as special cases); and suppose that there exists a TD(k; u−!) for any k 2 L;
then the existence of a (v; L; 1)-PBD implies the existence of a (v(u − !) + !;K [
L; )-PBD.
Corollary 2.6. If there exists a DB(u; k; ) and there exists a TD(k; u− 1); then the
existence of a B(v; k; 1) implies the existence of a DB(v(u− 1) + 1; k; ).
Proof. Apply Lemma 2.5 with K = fug; L = fkg and ! = 1 to get a (v(u − 1) + 1;
fk; ug; )-PBD. As k; u 2 DB(k; ), we have v(u− 1) + 12DB(k; ).
Corollary 2.7. If there exists a DB(u; k; ) and there exists a TD(k; u); then the ex-
istence of a B(v; k; 1) implies the existence of a DB(uv; k; ).
Proof. Apply Lemma 2.5 with K=fug; L=fkg and !=0 to get a (uv; fk; ug; )-PBD
and hence there is a DB(uv; k; ).
Lemma 2.8 (Chang [5]). Let q; l be any positive integers and gcd(q; l) = 1. If real
number x>maxfee9:7 ; e0:4pq(ln q)2g; then there exists a prime power Y between x and
qx such that Y  l (mod q).
Theorem 2.9. Let k>7 be a positive integer; k  0; 1 (mod 4) and n>1 a real
number. Then there exists a prime power Y such that Y  ( k2 ) + 1 (mod k(k − 1))
and n( k2 )
k(k−1)<Y <nk2k(k−1).
Proof. Let q = k(k − 1) and l = ( k2 ) + 1. Then gcd(q; l) = 1. Let x = n( k2 )k(k−1). If
k>49, then x>maxfee9:7 ; e0:4pq(ln q)2g. By Lemma 2.8 there exists a prime power Y
such that Y  ( k2 ) + 1 (mod k(k − 1)) and x<Y <qx. It is easy to check that
n

k
2
k(k−1)
<Y <n

k
2
k(k−1)
k(k − 1)<nk2k(k−1):
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If 76k648, let pk be a prime power such that pk  ( k2 ) + 1 (mod k(k − 1)) in the
following tables:
k 8 9 12 13 16 17 20 21 24 25 28 29
pk 29 37 67 79 121 137 191 211 277 3301 379 2843
k 32 33 36 37 40 41 44 45 48
pk 1489 529 631 1999 2341 821 947 991 1129
It is easy to see that p2k  (( k2 ) + 1)2  1 (mod k(k − 1)). Direct verications shows
that pk <k3 for 76k648. Let a be a real number such that n(
k
2 )
k(k−1)=p2a+1k . Dene
b= 2([a] + 1) + 1 where [a] is the integer equal to or less than a. Then
pbk  pk 

k
2

+ 1 (mod k(k − 1)):
Obviously, n( k2 )
k(k−1)<pbk6n(
k
2 )
k(k−1)p2k <n(
k
2 )
k(k−1)k6<nk2k(k−1). This completes
the proof.
Lemma 2.10 (Chang [6]). Let k>3 and  be positive integers. Then c(k; )<
expfk3k6g. Especially c(k; 1)< expfkk2g (that is; if v  1 (mod k − 1) and v(v− 1) 
0 (mod k(k − 1)); then v 2 B(k) whenever v> expfkk2g).
3. PBDs with large 
We rst quote a theorem given by Wilson in [12].
Lemma 3.1 (Wilson [12]). Let q = mf + 1 be a prime power; H0; H1; : : : ; Hm−1 the
cosets of the subgroup of index m of GF(q). For positive integer r>2 and 16i< j6r
let C(i; j)2fH0; H1; : : : ; Hm−1g be given. If q>mr(r−1); then there exists an r-tuple
(a1; a2; : : : ; ar) of elements of GF(q) satisfying aj − ai 2 C(i; j) for all 16i< j6r.
Let  be a divisor of ( k2 ), and q = ((
k
2 )=)f + 1 and H0 the subgroup of index
m = ( k2 )= of GF(q)
, generated by m where  is a primitive element of GF(q).
Take r = k. For 16i< j6k, let C(i; j)2fH0; H1; : : : ; Hm−1g such that each coset
lH0 (06l<m) occurs exactly  times. By Lemma 3.1, if q> (
k
2 )
k(k−1), there is a
k-tuple (a1; a2; : : : ; ak) 2 GF(q)(k) such that
aj − ai 2 C(i; j) for 16i< j6k:
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Thus the (q− 1)=m q blocks
(mxa1 + y; mxa2 + y; : : : ; mxak + y); x 2

0; 1; : : : ;
q− 1
m
− 1

; y 2 GF(q)
form a DB(q; k; ). The result is summarized as follows.
Lemma 3.2. If q is a prime power such that (q−1)  0 (mod ( k2 )) and q> ( k2 )k(k−1);
then there exists a DB(q; k; ).
Lemma 3.3. Let k>7 be an integer and k  3 (mod 4). Then there exists a power
of 2 q  1 (mod ( k2 )) such that q 2 DB(k) and ( k2 )k(k−1)6q<k2k(k−1).
Proof. There exists a positive integer l such that

k
2
k(k−1)
62l((
k
2 ))<

k
2
k(k−1)
2((
k
2 ));
where  is a Euler phi function. Let q = 2l((
k
2 )). Then q  1 (mod ( k2 )) by
gcd(2; ( k2 )) = 1. The conclusion follows by Lemma 3.2.
Lemma 3.4. Let k>7 be an integer and k  0; 1 (mod 4). Then there exists a
prime power such that q 1 + ( k2 ) (mod k(k − 1)) such that q 2 DB(k) and
( k2 )
k(k−1)<q<k2k(k−1).
Proof. It immediately follows by Theorem 2.9 and Lemma 3.2.
Next we need the following lemma.
Lemma 3.5 (Chang [7]). Suppose that v and l are given; v>l + 2 and 0(v; l) =
( v−2l−2 )
24v−l−1. If (v−1)  0 (mod l−1); v(v−1)  0 (mod l(l−1)) and >0(v; l);
then there is a B(v; l; ).
Lemma 3.6. Let k  3 (mod 4) where k>7 and v>k+2. If 20(v−1)  0 (mod k−1)
and 0v(v− 1)  0 (mod ( k2 )); then there exists a B(v; k; 2b0) for any b>4v− 2k− 5.
Proof. From the assumptions of the lemma, the congruences 20(v − 1)  0
(mod k − 1) and 20v(v − 1)  0 (mod k(k − 1)) hold for any positive integer .
By Lemma 3.5 there is a B(v; k; 20) for any > (
v−2
k−2 )
2  4v−k−1. The conclusion
follows by taking = 2b−1 for any b>4v− 2k − 5.
Lemma 3.7. Let k  1 (mod 4) (k>7) and q be the one provided in Lemma 3:4. If
v>q + 2; 20(v − 1)  0 (mod k − 1) and 0v(v − 1)  0 (mod ( k2 )); there exists a
B(v; fk; qg; 0) for any >24v−2k−5.
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Proof. By Lemma 3.4, the number 2q(q − 1)=(k − 1) is odd. Since
>24v−2k−5>

v− 2
q − 2
2
 4v−q−1 +

v− 2
k − 2
2
 4v−k−1 + 4q
(q − 1)
k − 1 ;
the indenite equation
21 +
2q(q − 1)
k − 1 2 =  (2)
has an non-negative solution such that
1>
1
2

v− 2
k − 2
2
 4v−k−1; 2>
66664

v−2
q−2
2
 4v−q−1
2q(q − 1)=(k − 1)
77775+ 1:
It is easy to see that we have the congruences
2q(q − 1)
k − 1 20(v− 1)  0 (mod q
 − 1);
2q(q − 1)
k − 1 20v(v− 1)  0 (mod q
(q − 1)):
By Lemma 3.5, there is a B(v; k; 20) and a B(v; q; [2q(q− 1)=(k− 1)]20). By (2)
there exists a B(v; fk; qg; 0).
4. The existence of DB(v; k; 1) with v  1; k (mod ( k2 ))
In this section let q be the one provided in Lemma 3.3 when k  3 (mod 4), or in
Lemma 3.4 when k  1 (mod 4). Then ( k2 )k(k−1)<q<k2k(k−1).
Lemma 4.1. Let k  1; 3 (mod 4) and C0 = de4kqe; where de means the smallest
integer which is greater than or equal to positive real number \". Then
C0>D(kq + 1) and q>D(k).
Proof. It follows by Lemmas 2.2, 3.3 and 3.4.
Lemma 4.2. Let k  1; 3 (mod 4) and k>7. If v  1 (mod ( k2 )) and v>k2(k−1)qC0;
then v 2 DB(k).
Proof. When v  1 (mod k(k − 1)), the conclusion follows by Lemma 2.10 because
C0> expfkk2g.
When v  ( k2 ) + 1 (mod k(k − 1)), we have v  q (mod k(k − 1)) by Lemmas 3.3
and 3.4. Note that v>k2(k − 1)qC0>k2(k − 1)(q − 1)C0 + k(k − 1)C0 + q. Then
the number
v− q
k(k − 1) − k(q
 − 1)C0 − C0
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is a positive integer and hence can be written as a + k(q − 1)d, where d>0 and
0<a6k(q − 1). Take m = k(k − 1)(C0 + d) + 1 and t = k(C0 + a) − q + 1. It is
readily checked that
v= k(q − 1)m+ (k − 1)t + 1: (3)
By Lemma 4.1, there are a TD(k; q), a TD(k; q − 1) and a TD(q + 1; m).
Apply Lemma 2.1 with l = k and n = q to get a fk; qg-GDD with group type
(m(k − 1))q−1(m(q − 1))1((k − 1)t)1. Hence,
k(q − 1)m+ (k − 1)t + 12B(fk; q; m(k − 1) + 1; (q − 1)m+ 1; t(k − 1) + 1g):
Clearly, m  1 (mod k(k − 1)); m(k − 1) + 1  k (mod k(k − 1)) and t(k − 1) + 1 
(−q+1)(k−1)+1  1 (mod k(k−1)). By Lemma 2.10, m; m(k−1)+1; (k−1)t+
12B(k)DB(k). By Corollary 2.6 and Lemma 4.1, m(q − 1) + 1 2 DB(k). Then
k(q − 1)m+ (k − 1)t + 1 2 DB(k). By (3), v 2 DB(k).
Lemma 4.3. Let k  1; 3 (mod 4) and k>7. If v  k (mod ( k2 )) and v>k3(k−1)qC0;
then v 2 DB(k).
Proof. By Lemma 2.10 we only need to consider the case v  ( k2 )+ k (mod k(k−1)).
By Corollary 2.7 and Lemma 4.1, kq 2DB(k) and hence v  kq (mod k(k − 1))
follows from the denition of q. Similar discussions with Lemma 4.2 show that there
exist positive integer a (06a6k(kq − 1)) and d such that
v= k(kq − 1)m+ (k − 1)t + 1; (4)
where m= k(k − 1)(C0 +d)+ 1 and t= k(C0 + a)− kq+1. By Lemma 4.1, there are
a TD(k; kq), a TD(k; kq−1) and a TD(kq+1; m). Apply Lemma 2.1 with l= k and
n=kq to get a fk; kqg-GDD with group type (m(k−1))kq−1(m(kq−1))1((k−1)t)1.
Hence,
k(kq − 1)m+ (k − 1)t + 1
2 B(fk; kq; m(k − 1) + 1; (kq − 1)m+ 1; t(k − 1) + 1g):
It is easy to see that m  1 (mod k(k − 1)), m(k − 1) + 1  k (mod k(k − 1)) and
t(k−1)+1  (−kq+1)(k−1)+1  k (mod k(k−1)). By Lemma 2.10, m, m(k−1)+1,
(k−1)t+1 2 B(k)DB(k). By Corollary 2.6 and Lemma 4.1, m(kq−1)+1 2 DB(k).
Then k(kq − 1)m+ (k − 1)t + 1 2 DB(k). By (4), v 2 DB(k).
Theorem 4.4. Let k  1; 3 (mod 4) and k>7. If v>k4qde4kqe and v  1; k (mod ( k2 )),
then v 2 DB(k).
Proof. The conclusion immediately follows by Lemmas 4.2 and 4.3.
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5. Small examples of DBIBD with k  1; 3 (mod 4)
In this section we always assume that 0 is a positive divisor of (
k
2 ). Recall that the
necessary conditions for the existence of a DB(v; k; 0),
0v(v− 1)  0

mod

k
2

;
20(v− 1)  0 (mod k − 1):
(5)
We can easily calculate all the possible residue classes v modulo ( k2 ) in which v
satises the conditoins (5). Suppose that u1; u2; : : : ; us are small positive members of
all those classes such that k + 1<ui6(
k
2 ) + k + 1 for i 2 [1; s]. Here q is the one
provided in Lemma 3.3 if k  3 (mod 4), or in Lemma 3.4 if k  1 (mod 4). Then
q 2DB(k), q>D(k) and ( k2 )k(k−1)<q6k2k(k−1).
Lemma 5.1. Let k>7 and k  3 (mod 4). Then there exist DB(u^ ij ; k; 0) such that
e4(q
−1)<u^ij6qe4(q
−1);
u^ ij  ui + j( k2 ) (mod q − 1) and u^ ij >D(q) for i 2 [1; s] and j 2 [0; 2k − 1].
Proof. Let q = (q)k , uij = ui + j( k2 ) and dij = (
uij
2 ) for i 2 [1; s] and j 2 [0; 2k − 1].
Then k + 26uij < k3. Clearly,
q= (q)k >

k
2
k2(k−1)
>21k
2(k−1)> 24uij−2k−5:
By Lemma 3.6, there exists a B(uij; k; 0q). It is easy to check that for any i 2 [1; s]
and j 2 [0; 2k − 1]
uijqdij6k3(q)k(
k3
2 )< (q)k
7
< e4(q
−1):
Then there exist positive integer xij such that
e4(q
−1)<uijqdij (q)xij6qe4(q
−1):
Let u^ ij = uijqdij (q)xij for i2 [1; s] and j2 [0; 2k − 1]. Obviously, u^ ij  ui + j( k2 )
(mod q − 1) and e4(q−1)<u^ij6qe4(q−1). Since q>uij + 2, by Corollary 2.4 there
exists a (k; 0)-GDD with group type (qdij (q)xij)uij . By Lemma 3.2, qdij (q)xij 2
DB(k)DB(k; 0). Since k 2DB(k), the newly GDD gives a DB(u^ ij ; k; 0). By
Lemma 2.2, u^ ij >D(q) for any i2 [1; s] and j2 [0; 2k − 1].
Lemma 5.2. For any integer k  3 (mod 4) and k>7; let u i=ui(q)k(
ui
2 ) for i 2 [1; s].
Then u i 2 DB(k; 0), u i >D(k) and u i  ui (mod q − 1) for any i 2 [1; s].
Proof. Let q = (q)k and di = ( ui2 ) for i 2 [1; s]. The conclusion follows by imitating
the proof of Lemma 5.1.
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Lemma 5.3. Let k>7 and k  1 (mod 4). Then there exist DB(u^ ij ; k; 0) such that
q(q  28q)( q

2 )<u^ij6(2q + k)(q  28q)(
2q+k
2 );
u^ ij >D(q) and u^ ij  ui + j( k2 ) for any i2 [1; s] and j 2 [0; (q − 1)=( k2 )− 1].
Proof. Let uij = (q − 1) + ui + j( k2 ) and dij = ( uij2 ) for any i 2 [1; s] and
j 2 [0; (q − 1)=( k2 ) − 1]. Then q + k6uij62q + k. There exists an integer l such
that
28q

6(q)l <q  28q :
Let q=(q)l. Then q>28q

> 24uij−2q
−5. By Lemma 3.7, there is a B(uij; fk; qg; 0q).
Let u^ ij = uijqdij for i 2 [1; s] and j 2 [0; (q − 1)=( k2 )− 1]. Obviously u^ ij  ui + j( k2 )
(mod q − 1) and
q(q  28q)( q

2 )<u^ij6(2q + k)(q  28q)(
2q+k
2 ):
By Lemma 2.3, there exists a (fk; qg; 0)-GDD with group type (qdij)uij . By
Lemma 3.2, qdij 2 DB(k)DB(k; 0). Since k; q 2DB(k), the newly GDD
produces a DB(u^ ij ; k; 0). By Lemma 2.2, u^ ij >D(q) for any i 2 [1; s] and
j 2 [0; (q − 1)=( k2 )− 1].
6. The existence of DB(v; k; 0) with k  3 (mod 4)
In this section we always assume that 0 is a positive divisor of (
k
2 ) and q
 as the
one provided in Lemma 3.3. Let
C = max
16i6s
06j62k−1
fu^ ij ; k4qde4kqeg:
Clearly C> expfkk2g.
Lemma 6.1. Let k  3 (mod 4) (k>7) and m = (q)x where x is the integer such
that 2C<m62qC. Then (u^ ij − 1)mq + t(q − 1) + 1 2 DB(k; 0) for i 2 [1; s];
j 2 [0; 2k − 1] and C<t6m.
Proof. There is a TD(u^ ij + 1; m) as m is a prime power. By Lemma 5.1, there are a
TD(q; u^ ij) and a TD(q; u^ ij − 1). Apply Lemma 2.1 with l= q and n= u^ ij to get a
fq; u^ ijg-GDD with group type (mq − m)u^ ij−1(mu^ ij − m)1(tq − t)1. Hence,
(u^ ij − 1)mq + t(q − 1) + 1
2 B(fq; u^ ij ; m(q − 1) + 1; m(u^ ij − 1) + 1; t(q − 1) + 1g):
By Lemma 5.1, u^ ij 2 DB(k; 0). Clearly m  1 (mod ( k2 )), m(q−1)+1  1 (mod ( k2 ))
and t(q−1)+1  1 (mod ( k2 )). By Theorem 4.4, m, m(q−1)+1 and t(q−1)+1 2
DB(k)DB(k; 0). By Lemma 2.5 and u^ ij >D(q), a B(m; q; 1) implies that there
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exists a (m(u^ ij− 1)+1; fq; u^ ijg; 1)-PBD, and hence a DB(m(u^ ij− 1)+1; k; 0) exists.
Thus, (u^ ij − 1)mq + t(q − 1) + 1 2 DB(k; 0).
For i 2 [1; s] and j 2 [0; 2k − 1], let
Cij = C + (u^ ij − 1)(q
)x+1 − 1
q − 1 + 1;
where x is the integer such that 2C< (q)x62qC. Then Lemma 6.1 can be restated
as follows.
Lemma 6.2. Let k  3 (mod 4) and k>7. Then (Cij + t)(q − 1) + u^ ij 2 DB(k; 0)
for i 2 [1; s]; j 2 [0; 2k − 1] and t 2 [0; C].
Lemma 6.3. Let k  3 (mod 4) (k>7) and v>k3(q)3u^ ijC. If (ui − 1)=(k − 1) is a
positive integer and v  ui (mod ( k2 )) for i 2 [1; s]; then v 2 DB(k; 0).
Proof. By ( k2 ) j (q − 1), ones can nd integers j2 [0; 2k − 1] and b 2 [0; q − 1]
satisfying
v  ui + (2kb+ j + 2)

k
2

(mod q − 1):
By Lemma 5.1, u^ ij  ui + j( k2 ) (mod q − 1). Then
v  u^ ij + (kb+ 1)k(kq − 1) (mod q − 1): (6)
Direct verication shows that
v> k3(q)3u^ ijC >kq(kq − 1)

C + (u^ ij − 1)(q
)x+1 − 1
q − 1 + 1

= kq(kq − 1)Cij >k(kq − 1)[(q − 1)Cij + k(q − 1) + 1] + qCij
> k(kq − 1)[(q − 1)Cij + kb+ 1] + u^ ij + (q − 1)Cij:
By (6), the number
v− u^ ij − (kb+ 1)k(kq − 1)
q − 1 − Cij − k(kq
 − 1)Cij
is a positive integer and hence can be written as a + k(kq − 1)d, where d>0 and
0<a62k(kq − 1)<C. Let
x =
(q − 1)(a+ Cij)
k − 1 +
u^ ij − 1
k − 1 :
Then 2x must be an integer by the denition of q. If x is an integer, take t = x
and m0 = d + Cij. If x is not an integer, take t = x + k(q − 1)(kq − 1)=(k − 1)
(it is easily checked that here t is an integer!) and m0 = d − 1 + Cij. In both cases
06t6(q − 1)m0 + kb+ 1 and it is readily checked that
v= k(kq − 1)[(q − 1)m0 + kb+ 1] + (k − 1)t + 1: (7)
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By Lemma 4.1 there are a TD(k; kq − 1), a TD(k; kq) and a TD(kq + 1; m). Apply
Lemma 2.1 with l = k, n = kq and m = (q − 1)m0 + kb + 1 to get a fk; kqg-GDD
with group type (m(k − 1))kq−1(m(kq − 1))1((k − 1)t)1. Hence,
k(kq − 1)m+ (k − 1)t + 1
2 B(fk; kq; m(k − 1) + 1; (kq − 1)m+ 1; t(k − 1) + 1g):
By Corollary 2.7, kq 2 DB(k)DB(k; 0). Note that m(k − 1)+ 1  k (mod ( k2 )) and
m(kq − 1) + 1  k (mod ( k2 )). By Theorem 4.4, m(k − 1) + 1 and m(kq − 1) + 1 2
B(k)DB(k; 0). By Lemma 6.2, (k − 1)t + 1 = (a + Cij)(q − 1) + u^ ij 2 DB(k; 0).
Then k(kq − 1)m+ (k − 1)t + 1 2 DB(k; 0). Hence, from (7) v 2 DB(k; 0).
Lemma 6.4. Let k  3 (mod 4) and C=max i2[1; s]
j2[0; k−1]
fdexpf4(u i − 1)ge; k3(q)3u^ ijCg.
Then C>D(u i) for i 2 [1; s].
Proof. It immediately follows by Lemma 2.2.
Theorem 6.5. Let k  3 (mod 4) and k>7. If 0v(v − 1)  0 (mod ( k2 )) and
20(v− 1)  0 (mod k − 1); then v 2 DB(k; 0) whenever v> expfk3k6g.
Proof. The assumptions imply the congruences
0(v− 1)  0; k − 12 (mod k − 1);
0v(v− 1)  0 (mod k(k − 1)):
By Lemma 2.10, we only need to consider such v which satises 0(v − 1) 
(k − 1)=2 (mod k − 1) and hence v is even. Then there is a i 2 [1; s] such that
v  ui  u i (mod ( k2 )). By Lemma 5.1, C = k4qde4kq
e. By Lemma 5.1 and
Lemma 5.2, C =maxi2[1; s] fdexpf4u i − 1geg. It is not dicult to check that
v> expfk3k6g>k2(k − 1)u iC>k2(k − 1)(u i − 1)C + k(k − 1)C + u i:
Then the number
v− u i
( k2 )
− 2k(u i − 1)C − 2C
is a positive integer and hence can be written as a + k(u i − 1)d, where d>0 and
0<a62k(u i − 1) and a always even (this is possible because k(u i − 1) is odd by
Lemma 3.3 and Lemma 5.2!). Take m=( k2 )(2C
+d)+1 and t=kC+(a=2)k−u i+1.
It is easy to check that
v= k(u i − 1)m+ (k − 1)t + 1: (8)
By Lemma 6.4, there are a TD(k; u i), a TD(k; u i − 1) and a TD(u i + 1; m). Apply
Lemma 2.1 with l = k and n = u i to get a fk; u ig-GDD with group type (m(k −
1))u i−1(m(u i − 1))1((k − 1)t)1. Hence,
k(u i−1)m+(k−1)t+12B(fk; u i; m(k − 1)+1; (u i−1)m+1; t(k−1)+1g):
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Clearly m  1 (mod ( k2 )); m(k − 1) + 1  k (mod ( k2 )). As v is even, by (8) m  1
(mod 2) and hence m  1 (mod k(k − 1)). By Theorem 4.4, m(k − 1) + 1 2 DB(k)
DB(k; 0). By Lemma 2.10, m 2 B(k). By Corollary 2.6 and u i >D(k), m(u i−1)+1 2
DB(k; 0). Let f be an integer such that k + 1<f6(
k
2 ) + k + 1 and f  (k − 1)t +
1 (mod ( k2 )). It is easy to check that 0f(f − 1)  0 (mod ( k2 )) and 20(f − 1) 
0 (mod k − 1). Since (f − 1)=(k − 1) is integer and (k − 1)t + 1>C>k3(q)3u^ ijC,
by Lemma 6.3 (k − 1)t + 1 2 DB(k; 0). Then k(u i − 1)m+ (k − 1)t + 1 2 DB(k; 0).
Hence, from (8) v 2 DB(k; 0).
7. The existence of DB(v; k; 0) with k  1 (mod 4)
In this section we always assume that 0 is a positive divisor of (
k
2 ) and q
 as the
one provided in Lemma 3.4. Let
= max
16i6s
06j6(q−1)=( k2 )−1
dexpf4(u^ ij − 1)ge:
Clearly >k4qde4kqe.
Lemma 7.1. Let k  1 (mod 4). Then >D(u^ ij) for i2 [1; s] and j2 [0; (q − 1)=
( k2 )− 1].
Proof. It follows by Lemma 2.2.
Theorem 7.2. Let k  1 (mod 4) and k>7. If 0v(v − 1)  0 (mod ( k2 )) and
20(v− 1)  0 (mod k − 1), then v 2 DB(k; 0) whenever v>expfexpfk6k2gg.
Proof. For such v, there are i 2 [1; s] and j 2 [0;6j6(q − 1)=( k2 ) − 1] such that
v  uij (mod q − 1). By Lemma 5.3, v  u^ ij (mod q − 1). By Lemma 5.3, it is
not dicult to check that v>expfexpfk6k2gg> (q)2u^ ij> (q − 1)[+ (u^ ij − 1) +
q(u^ ij − 1)] + u^ ij. Then the number
v− u^ ij
q − 1 − − (u^ ij − 1)− q
(u^ ij − 1)
is a positive integer and hence can be written as a+dq(u^ ij−1) where d>0, d+ is
always even, and 0<a62q(u^ ij−1)<. Take m=(d+)(q−1)+1 and t=a+.
It is easy to see that
v= (u^ ij − 1)mq + (q − 1)t + 1: (9)
By Lemma 7.1, there is a TD(u^ ij + 1; m). By Lemma 5.3, there are a TD(q; u^ ij) and
a TD(q; u^ ij − 1). Apply Lemma 2.1 with l = q and n = u^ ij to get a fq; u^ ijg-GDD
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with group type (mq − m)u^ ij−1(mu^ ij − m)1(tq − t)1. Hence,
(u^ ij − 1)mq + t(q − 1) + 1
2 B(fq; u^ ij ; m(q − 1) + 1; m(u^ ij − 1) + 1; t(q − 1) + 1g):
By Lemma 5.3, u^ ij 2DB(k; 0). Clearly m  1 (mod k(k − 1)) (note that d +  is
even), m(q − 1) + 1 1 (mod ( k2 )) and t(q − 1) + 1  1 (mod ( k2 )). By Theorem 4.4,
m(q − 1) + 1 and t(q − 1) + 1 2 DB(k)DB(k; 0). By Lemma 2.10, there is a
B(m; k; 1). By Corollary 2.6 and u^ ij >D(q)>D(k), a B(m; k; 1) implies that there is
a DB(m(u^ ij − 1) + 1; k; 0). Thus, (u^ ij − 1)mq + t(q − 1) + 1 2 DB(k; 0). By (9),
v 2 DB(k; 0).
The proof of Theorem. Let 0 = gcd(; (
k
2 )). Congruences (1) imply 0v(v − 1)  0
(mod k(k − 1)) and 20(v− 1)  0 (mod k − 1).
When k  3 (mod 4), by Theorem 6.5 there is a DB(v; k; 0) and hence there is a
DB(v; k; ) by copying each block in DB(v; k; 0)=0 times. Then cd(k; )6expfk3k6g.
When k  1 (mod 4), similarly cd(k; )6expfexpfk6k2gg by Theorem 7.2.
Note. The case of block size divided by 4 is considered. But the methods are dierent
from this article and it is lengthy. So the remaining case is intended to write in another
paper.
Acknowledgements
This work was done while the rst author was visiting the University of Messina.
He expresses his sincere thanks to CNR for nancial support and to the University of
Messina for the kind hospitality.
References
[1] T. Beth, D. Jungnickel, H. Lenz, Design Theory, Cambridge University Press, Cambridge, 1986.
[2] F.E. Bennett, R. Wei, J. Yin, Existence of DBIBDs with block size six, Utilitas Math. 43 (1993)
205{217.
[3] Y.X. Chang, A bound for Wilson’s theorem (I), (II), (III), J. Combin. Des. 3 (1995) 25{39; 4 (1)
(1996) 11{26; 4 (2) (1996) 83{93.
[4] Y.X. Chang, An estimate of the number of mutually orthogonal Latin squares, J. Combin. Math. Combin.
Comput. 21 (1996) 217{222.
[5] Y.X. Chang, Theorems on the distribution of prime powers, J. Northern Jiaotong Univ. 23 (2) (1999)
61{64.
[6] Y.X. Chang, The existence of BIB designs, Acta Math. Sinica, to appear.
[7] Y.X. Chang, On the existence of BIB designs with large , J. Statist. Planning Inference, to appear.
[8] J.R. Seberry, D.B. Skillicorn, All directed BIBDs with k = 3 exist, J. Combin. Theory A 29 (1980)
244{248.
[9] D.B. Skillicorn, Directed packings and coverings with computer applications, Ph.D. Thesis, University
of Manitoba (1981).
40 Y. Chang, G. Lo Faro /Discrete Mathematics 222 (2000) 27{40
[10] D.J. Street, J.R. Seberry, All DBIBDs with block size four exist, Utilitas Math. 18 (1980) 27{34.
[11] D.J. Street, W.H. Wilson, On directed balanced incomplete block designs with block size ve, Utilitas
Math. 18 (1980) 161{174.
[12] R.M. Wilson, Cyclotomy and dierence families in elementary Abelian groups, J. Number Theory 4
(1972) 17{47.
